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We present a class of Hamiltonians H for which a sector of the Hilbert space invariant under a Lie group
G, which is not a symmetry of H , possesses the essential properties of many-body scar states. These include
the absence of thermalization and the “revivals” of special initial states in time evolution. Some of the scar
states found in earlier work may be viewed as special cases of our construction. A particular class of examples
concerns interacting spin-1/2 fermions on a lattice consisting of N sites (it includes deformations of the Fermi-
Hubbard model as special cases), and we show that it contains two families of N + 1 scar states. One of
these families, which was found in recent literature, is comprised of the well-known η-pairing states. We find
another family of scar states which is U(N) invariant. Both families and most of the group-invariant scar
states produced by our construction in general, give rise to the off-diagonal long range order which survives
at high temperatures and is insensitive to the details of the dynamics. Such states could be used for reliable
quantum information processing because the information is stored non-locally, and thus cannot be easily erased
by local perturbations. In contrast, other scar states we find are product states which could be easily prepared
experimentally. The dimension of scar subspace is directly controlled by the choice of groupG and can be made
exponentially large.
I. INTRODUCTION AND GENERAL SET-UP
The concept of many-body scar states has recently emerged
as a novel type of weak ergodicity breaking [1–17]. These
states are typically found in the bulk of the spectrum and thus
play a role at high temperatures. The scars are special be-
cause they have low (area-law) entanglement entropy, do not
thermalize, and lead to the exact “revivals” of the initial state
of the system initialized with scars. Therefore, the informa-
tion stored in the system does not dissipate at finite tempera-
ture, holding promise for potential applications of such states
in quantum information processing.
The current knowledge of the nature of this phenomenon
is based on the identification of scars in a variety of systems,
such as the AKLT spin chain [1], interacting fermionic models
[2, 4, 8, 9], the spin-1 XY model [7], frustrated spin systems
[14], and a spin- 12 domain-wall conserving model [15, 16]. In
some cases [8, 11, 17], the scar states are related to the well-
known η-pairing states of the Hubbard model, which form a
family under the SU(2) symmetry called psedospin [18–20].
There has been experimental observation of the approximate
revivals [21], yet a general understanding of the underlying
structures leading to the existence of scars is not yet available.
The Hamiltonians exhibiting scars can be often brought to
the formH = H0+H1, such thatH1 breaks some of the sym-
metries of H0 and has a special property that it annihilates a
subsector of the Hilbert space S consisting of eigenstates of
H0. In this paper, we discuss how the symmetry properties
of the Hilbert space can be used to construct scars systemati-
cally. We analyze a rich class of models where the scar sub-
sector S is invariant under the action of a continuous group
G, which is bigger than the symmetry of the full Hamiltonian.
We will show (see SM A) that the requisite hermitian operator
H1 must have the form H1 =
∑
j OjTj , where Tj are gen-
erators of the symmetry group G and Oj is any operator s.t.
the product OjTj is Hermitian. For H0, the simplest option is
that it has symmetryG, i.e. [H0, Tj ] = 0, but the most general
condition is that [H0, C2G] = W · C2G, where W is some op-
erator and C2G is the quadratic Casimir of the group G. Then
the states invariant under G are eigenstates of H0.
The dynamics of the scar subsector S is governed by H0
and is decoupled from the rest of the spectrum controlled by
H . If the ergodic properties of H0 and H are sufficiently dif-
ferent every state in the decoupled sector Swill not thermalize
with the rest of the system and will thus violate the eigenstate
thermalization hypothesis (ETH) [22–24]. Because of the de-
coupling, the unitary time evolution starting from a state in
the invariant sector cannot mix it with the rest of the system.
In addition, if the energy gaps between the states from the in-
variant subsector have a common divisor [25], then the unitary
time evolution of a state from the invariant sector will exhibit
revivals: the initial state will return to itself after equal time
intervals. Therefore the states in S possess all of the defin-
ing properties of the many-body scar states. To our knowl-
edge, such general constructions have not been discussed pre-
viously, and we present their concrete examples.
The general class of models we study includes the famous
Fermi-Hubbard model and its deformations. In this context
we show that, in addition to the family of states which trans-
form as spin N/2 under the pseudospin symmetry (the η-
pairing states), which were recently shown to be scar states
in [8, 11, 17], there is another family of scar states. This sec-
ond family, whose states may be explicitly written down as
(7) or (B2), is invariant under a U(N) symmetry; it forms a
multiplet of spin N/2 under the SU(2) which is the physical
rotational symmetry in the Fermi-Hubbard model.
II. SPECIFIC CONSTRUCTIONS
We will focus on the Hilbert space of M fermionic oscilla-
tors
{cI , c†I′} = δII′ , I, I ′ = 1, . . . ,M , (1)
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2that is acted on by U(M) and we can choose G to be any of
its subgroups. The choice of G provides an important handle
on the dimension of the scar subspace: the smaller the group
G, the bigger the invariant scar sector S. In particular, scar
sectors which are exponentially large in M can be achieved
for sufficiently small groups. We will restrict ourselves to the
groups G whose generators TA can be expressed as local her-
mitian operators, leading to local H1.
If TA are generators of some algebra T acting in the Hilbert
space [TA, TB ] = fCABTC then we construct the Hamiltonian
as follows
H = H0 +
∑
A
OATA, [H0,
∑
A
T 2A] =W ·
∑
A
T 2A (2)
where OA are arbitrary hermitian operators s.t. OATA is her-
mitian. If the Hilbert space possesses singlets of this algebra
TAST = 0, then these states would have energies that do not
depend on OA, while all the other representation of the al-
gebra T will mix. In all our examples we will use familiar
nearest-neighbour hopping as the generators TA.
To control the scar subsector we will consider the following
integrable fermionic models [26]
H0 = 2g
(
c†abc
†
ab′ca′bca′b′ − c†abc†a′bcab′ca′b′
)
+2g(N2 −N1)Q+ g
2
N1N2(N2 −N1) , (3)
{cab, c†a′b′} = δaa′δbb′ , a = 1, . . . , N1 , b = 1, . . . , N2 ,
where summation over repeated indices is implied. We may
interpret the indices of cab as labelling the sites of a lattice
[27]. Then the model (3) may be viewed as a generalized
Hubbard interaction term which has a continuous symmetry
O(N1) × O(N2), in addition to the usual U(1) symmetry
with conserved charge (particle number) Q = 12 [c
†
ab, cab]. It
is a special case, N3 = 2, of the O(N1) × O(N2) × O(N3)
fermionic tensor model [26, 28]. While in general the tensor
model is not integrable [29], for N3 = 2 it is [26, 30], and all
of the energies are integer in units of g. The matrix model (3)
has a ‘t Hooft large N limit where N1 = N2 = N is sent to
infinity while keeping gN fixed. Here, for finite N1 and N2,
we will find a scar subsector invariant under O(N1)×O(N2)
with dimension exponential in M = N1N2.
It is also interesting to study the case where N2 = 2, while
N1 = N is sent to infinity keeping gN fixed [26, 30]; this is
the well-known vector large N limit and it is natural to inter-
pret only the first index of cab as labelling lattice sites. For the
vector model and finiteN , we will exhibit natural scar subsec-
tors which are invariant under (SU(N) or SO(N))× SU(2)
and have dimension linear in M = 2N .
A. Vector Example
Consider 2N fermionic oscillators and two possible choices
for the subgroup of U(2N): G = SU(N) × SU(2) or G =
SO(N)× SU(2). We will interpret this Hilbert space as that
of a lattice model with N sites and two fermionic degrees of
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FIG. 1. Schematic representation of model (5). Each line corre-
sponds to a hopping Ti or some bilinear operator in terms of fermion
operators.
freedom per site (they may correspond to the two states of a
spin-1/2 fermion, although the SU(2) symmetry is broken in
our model to U(1)). The lattice may be thought of as 1D, as
in fig. 1, but the specific way the SU(N) or SO(N) indices
are mapped to a lattice is not important for the purposes of
finding the scars. In particular, the lattice can be of arbitrary
dimension, frustrated, and can have any boundary conditions.
The Hilbert space we consider is thus identical to that in a
number of models, such as the spin-1/2 Hubbard, Hirsch and
their deformations. The structure of the invariant subspace
S we describe in this section is common to all these spin-1/2
models and does not depend on the details of the Hamiltonian.
Consider the hopping term on this lattice, T =∑
aa′,b
taa′ c
†
abca′b, where the first index of cab labels the sites,
the second index the “spin” and taa′ is the hopping strength
hermitian matrix. One can see that, for a general complex
taa′ , the hopping T is a generator of SU(N) that acts on the
indices a (see[26] and SM A). For purely imaginary taa′ the
hopping T is a generator of SO(N), and for real taa′ the sit-
uation depends on the parity of N (see SM A).
Combining the strong, O(N) × O(2)2-symmetric interac-
tion described by the vector model Hamiltonian (3) with the
hopping T , we obtain a Hubbard-like model H = H0 + T ,
which is interesting in its own right. When T is a genera-
tor of SO(N), this D-dimensional model is integrable! In
each representation of O(N) the hopping T could be diag-
onalized, and the states would be split with respect to their
Dynkin labels—analogous to the Zeeman splitting for the hy-
drogen atom in a magnetic field. The Hilbert space could be
split into a direct sum of irreducible representations. The sin-
glet representation SO is invariant under the action of any gen-
erator of SO(N) and is therefore annihilated by T : T SO = 0.
The singlet states remain at the energies assigned to them by
H0. If T is a generator of SU(N), the system remains inte-
grable (for example, in terms of level statistics), but cannot
be solved easily, because [H0, T ] 6= 0. The set of SU(N)
singlets, SU ⊂ SO, is again annihilated by T , will remain
unchanged and at the same integer energies as for H = H0.
The singlets in S have several quantum numbers [30] (none
of them are conserved by the full Hamiltonian (5)), which can
be used to distinguish them, such as the charges Q and
Q2 = −i
(
c†a1ca2 − c†a2ca1
)
= c†aασ
2
αβcaβ . (4)
To control the energies of the singlets and the period or re-
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FIG. 2. Histogram of the nearest neighbor eigenvalue spacings (inset,
shown for the even Q sector) and the spectral form factor (shown for
the full spectrum) for the model in (5).
vivals, we can add these terms to H0, i.e. H˜0 = H0 + αQ +
βQ2.
The full Hamiltonian we study reads [31]
H = H˜0 + T + 4
N∑
a=1
OaTa, where (5)
Oa =
(a+3)∑
a1,2=(a+2),b,b
′
[
q1a1,2,b,b′c
†
a1b
c†a2b′ + q
2
a1,2,b,b′c
†
a1b
ca2b′ + h.c.
]
.
Schematically, the termOaTa is depicted in fig. 1. Ta induces
a hopping from site a to a+1 and the operatorOa acts on sites
a+2 and a+3. Such a structure ensures that each term OaTa
is hermitian and local. The coefficients q1,2a1,2,b,b′ are random
complex numbers and this choice of the operatorO is intended
to break the symmetries of H0 and to make the bulk of the
spectrum ergodic, described by the gaussian unitary ensemble
(GUE).
Indeed, most states in the Hilbert space will be mixed be-
cause Ta does not annihilate them, and Oa mixes all the non-
singlet representations, while the effective Hamiltonian for
states in S remains HS = H0. Due to this structure, the only
remaining symmetry relates the sectors with odd and even Q,
both described by GUE (see fig. 2 for the exact numerical re-
sults). The time-reversal symmetry is broken by the operator
c†abcab in Oa terms.
For the numerical study, we consider a 1D lattice with
N = 8 and the translation-invariant nearest-neighbour hop-
ping terms T which are generators of G = SU(N), with
ta,a+1 = t = 8e
i
√
2pi , periodic boundary conditions and
α = β = 1.
The probability distribution P (rk) of the level spac-
ings (inset of fig. 2) agrees well with the GUE over-
lay. It contains information about the correlation func-
tions of close eigenvalues, whereas the spectral form factor,
g(t, β) = |Tr(e−βH−iHt)|2/Tr(e−βH)2, also contains infor-
mation about longer range correlations. The main elements of
the spectral form factor (SFF) for a random matrix is a dip
ramp plateau structure (for a discussion of their physics, see
[32]). The presence of this structure in our system is another
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FIG. 3. Left panel: Eigenstate (blue dots) and window-averaged
(green line) expectation values forM = −2c†11c11c†12c12. SU(8)-
singlet states are shown in red triangles. Right panel: Entanglement
entropy calculated for every eigenstate of (5). The cut is made be-
tween spatial sites in the middle of the chain marked by the red line
in fig. 1.
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FIG. 4. Time dependence of the fidelity f(τ) for vector model with
N = 8. The initial state is a linear combination of 50 eigenstates
of H and α =
11∑
n=1
|cn|2 = 0.95. Left Panel: the initial state is
dominated by 11 singlet states. The fidelity demonstrates oscillations
with the period T ≈ 3.14 and amplitude A ≈ α2. Right Panel: the
initial state is dominated by 11 generic high-energy states, the fidelity
is quickly decaying. The initial state composition for both cases is
detailed in fig. 9 and late time behaviour in fig. 10 in the SM D 1.
evidence of quantum chaos and ergodicity in its bulk spec-
trum.
A more detailed characterization of ergodicity is provided
in the left panel of fig. 3 where we test the eigenstate thermal-
ization hypothesis (ETH), which conjectures that for any mea-
surable local operator M, its expectation value in an eigen-
state must be approximately the same as the window-average
over the nearby states at the same energy. We observe that
the conjecture holds for most states in the spectrum while it
is clearly violated for the eleven SU(8) singlet states {|nU 〉}
that do not thermalize. The situation when the bulk of the
spectrum (dimension 22N −N − 3) is ergodic while an expo-
nentially small subset of states is not (there are N +3 SU(N)
singlets in our Hilbert space), corresponds by definition to the
violation of the strong formulation of ETH (the weak formu-
lation allows for a few “outlier” states) [22–24].
The singlet states violating strong ETH also clearly stand
out in the time evolution. Consider two initial states ψs0, made
exclusively of singlet eigenstates of H and ψg0 , composed of
the same number of generic states. In both cases we can
write |ψs/g0 〉 =
∑
cn |ψn〉, where |ψn〉 is an eigenstate of
H with energy En. We are interested in the squared pro-
jection of the time-evolved state on the initial wavefunction
f(τ) = | 〈ψ0|e−iHt|ψ0〉 |2 =
∑
n,m |cncm|2e−i(En−Em)τ . It
should relatively quickly go to zero if the states are generic
4without particular correlations between energies En. Exact
numerical results confirming this are shown in the right panel
of fig. 4. A vanishing overlap with the initial state indi-
cates that the information stored initially has fully dissipated
through thermalization. This phenomenon is closely related
to the dip seen in the SFF in fig. 2.
For the singlet states, all of the energies En are integer,
which means there exists a (greatest) common divisor for all
of the energy gaps between singlet states En − Em: ω =
gcd(En − Em). After the time T = k 2piω , k ∈ Z all of the
exponents in f(τ) are equal to 1. This constructive interfer-
ence results in “revivals” of the (information stored in the)
initial state with period T . The general condition for this ef-
fect is that a common divisor exists for the gaps separating the
states that dominate the initial state ψ0. In our numerical ex-
ample ω = 2 and thus we observe the revivals of period pi as
shown in the left panel of fig. 4. Note that in this calculation 5
percent of generic states were admixed to the initial state but
ideal revivals to f(τ) = 1 would be observed otherwise. The
higher-frequency “revivals” with smaller amplitude are due to
the energy differences that are shared only by a subset of the
singlet states. The energies of singlets are controlled by the
term H˜0 and thus its parameters α and β can be chosen to
design at will the revivals period.
Having established that the singlet states exhibit all the
properties of the many-body scar states, we now examine their
structure. The entanglement entropy of these states is notice-
ably lower compared to the generic states at the same energy
as shown in the right panel of fig. 3. Four states are in fact
product states. Two of them are vacuum and anti-vacuum with
all the orbitals empty/filled. Two more eigenstates are tensor
products of Bell-like states formed on each site:
|S1〉 =
⊗
a
|0a11a2〉+ i |1a10a2〉√
2
=
∏
a
c†a1 + ic
†
a2√
2
|0〉 (6)
|S2〉 =
⊗
a
|0a11a2〉 − i |1a10a2〉√
2
=
∏
a
c†a1 − ic†a2√
2
|0〉 ,
They are invariant under the U(N) subgroup of U(2N). All
four states may be easily created in experiment and we provide
the corresponding gate sequences in the SM B.
The complete set of N + 1 states invariant under U(N)
[30] can be constructed by acting repeatedly on the state |S1〉
with the bilinear operator ζ = c†ab(σ
3 − iσ1)bb′cab′ (this is a
“rotated” version of the zeta-operator in [20]):
|nU 〉 = ζ
n
2n
√
N !n!
(N−n)!
|S1〉 , (7)
with n = 0, . . . , N . Another basis for this family of states is
given in (B2). One can see that these states have the max-
imal possible spin N/2 with respect to the second index b
which takes values 1 and 2, i.e. they transform as a (N + 1)-
dimensional representation of SU(2)b, which is the physical
spin in the Fermi-Hubbard model. We note that there is only
one family which has the maximal spin. Consequently, it is
quite robust under the action of any perturbation that preserves
this spin. Namely, any spin-preserving term will map this rep-
resentation to itself which means these states will continue to
violate strong ETH while the revivals may disappear as a re-
sult of changing their energies.
For a purely imaginary hopping strength, the hopping terms
are generators of G = SO(N), and all the scar states are
O(N) invariant. The Hilbert space may be decomposed ac-
cording to representations of O(N) × SO(4), which is seen
easily [30] through writing the 4N Majorana fermions as
ψiA, where i = 1, . . . , N and A = 1, . . . , 4 (the relevance
of group SO(4) was noted long ago in the context of Hub-
bard model [19, 20]). As shown in [30], the O(N) sin-
glets transform in the (N/2, 0) + (0, N/2) representation of
SO(4) ∼ SU(2)× SU(2), where we labeled the SU(2) rep-
resentations by their spin J . Thus, there are two sets of N +1
scar states; each one is invariant under one of the SU(2)
groups and transforms as spin N/2 under the other. One of
these sets is |nU 〉, for which the O(N)× SU(2) symmetry is
further enhanced to U(N). The other set of N + 1 states is
|nO〉 = η
n
2n
√
N !n!
(N−n)!
|0〉 , η =
N∑
a=1
c†a1c
†
a2 , (8)
with n = 0, . . . , N . They are equivalent to the exact eigen-
states of the Hubbard model originally identified using the cel-
ebrated η-pairing [18] and recently demonstrated to be many-
body scar states [8, 17] (to obtain (8) we need to transform
from the real hopping amplitude used in [18] to our imaginary
one A). Let us emphasize that the Hamiltonian H does not
respect all the symmetries possessed by the two scar sectors.
Thus, the scars appear in the enhanced symmetry sectors of
Hilbert space, in accordance with our general arguments.
It can also be shown (work in progress) that the Fermi-
Hubbard Hamiltonian in arbitrary dimension can be written
in the form (5); thus, the appearance of many-body scar states
in this model is a special case of our construction. As a con-
sequence, the states |nU 〉 are eigenstates and scar states in the
(extended) Hubbard model (and other spin-1/2 models). In ta-
ble I we summarize the properties of the scar subspace in the
D-dimensional spin-1/2 models of the form (5).
The off-diagonal long range order (ODLRO) has been
linked in literature to the high-Tc superconductivity [18, 33]
and was shown to be present in the |nO〉 scars [18]. Another
virtue of ODLRO is that it can be viewed as a spatial distribu-
tion of information stored in the scar state, which then protects
this information from local perturbations. In the |nU 〉 scars,
the ODLRO is most naturally characterized by the correlator
GU = 〈s|c†i1ci2c†j2cj1|s〉, which does not depend on the coor-
dinates i and j of the sites for any |s〉 ∈ SU (see C in SM).
In our model (5) we can choose arbitrary operator O, and in
our numerical example it includes random coupling leading
to quantum chaos. Nevertheless, the ODLRO survives in the
scar states corresponding to high temperature for any choice
of O (see SM fig. 6).
Finally, let us note that our construction of H1 is similar to
that in [11], in that hopping T is used to annihilate S. Simi-
larly to [17], [11] has discussed one of the two SU(2) families
5TABLE I. Structure of the invariant subspace S in spin-1/2 lattice
models depending on the hopping amplitude t. See SM A for deriva-
tion and more detailed discussion.
real t imaginary t complex t
odd N 〈{|nU 〉}〉 〈{|nU 〉} ∪ {|nO〉}〉 〈{|nU 〉}〉
even N 〈{|nU 〉} ∪
{|nO〉′}〉 〈{|nU 〉} ∪ {|nO〉}〉 〈{|nU 〉}〉
of scar sectors in the context of Hubbard model, although the
O(N) invariance of these states was not pointed out explicitly.
B. Matrix example
Here we consider the Hilbert space spanned by N1N2
fermion oscillators (1), which is invariant under the action
of the U(N1N2) group and therefore under its subgroups
U(N1)× U(N2) and O(N1)×O(N2). It may be interpreted
as a lattice with N1N2 sites and one fermionic degree of free-
dom per site. The mapping of the group indices to the spa-
tial lattice sites is again a matter of preference; the simplest
choice is that of a rectangular 2D lattice with spinless or spin-
polarized fermions. Similarly to the vector case, the scars
will be invariant under the group G = SU(N1) × SU(N2)
or G = SO(N1) × SO(N2), depending on the choice of
the complex or imaginary hopping strength. We will adopt
the latter choice where the scar sector is much richer (for the
G = SU(N1)×SU(N2) case the invariant subsector consists
of only two states: the vacuum and antivacuum).
For imaginary hopping the generators of G = SO(N1) ×
SO(N2) are linear combinations of the basis generators
Qaa
′
1 = i(c
†
abca′b − c†a′bcab) , Qbb
′
2 = i(c
†
abcab′ − c†ab′cab) .
Consider hoppings (describing free electrons) in both direc-
tions with periodic boundary conditions
Ta = tQ
a,a+1
1 , Tb = tQ
b,b+1
2 , T =
∑
a
Ta +
∑
b
Tb . (9)
The full Hamiltonian reads
H = H0 + T + 4
∑
a,b,b′
Oa,b,b′Ta + 4
∑
a,a′,b
Oa,a′,bTb, (10)
where H0 is given in (3) (like in 1D we add Q to split degen-
erate singlets), and we choose
Oa,b,b′ = qa,b,b′c
†
(a+3)bc(a+3)b′ + pa,b,b′c
†
(a+3)bc
†
(a+3)b′ + h.c.
Oa,a′,b = ra,a′,bc
†
a(b+2)ca′(b+2) + sa,a′,bc
†
a(b+2)c
†
a′(b+2) + h.c.,
with q, p, r, s random complex numbers.
Numerical results for N1 = N2 = 4 and t = 8 sin
√
2pi can
be found in SM D and similarly to the vector case demonstrate
that the G = SO(N1) × SO(N2)-invariant states become
scars. The more complex structure of singlets is reflected in
the fact that, unlike in the vector case, only the trivial states
(the vacuum |0〉 and antivacuum |1〉) have zero entropy and
are product states. The following operators may be used (see
SM B and [26]) to construct the complete sets of scars in the
sense that their linear combinations and products acting on |0〉
span the full singlet subspace S
(J+)aa′ = c
†
abc
†
a′b, (K+)a1...aN1
= b1...bN2
N1/2∏
i=1
c†aibi ,
where indices of J+,K+ should be contracted with the use of
δaa′ or the (Jn+)aa′ . For N1,2 = 2, K+ corresponds to the
η-pairing of the Hubbard model. Because they are singlets,
these states again possess the ODLRO as we prove in SM C.
The structure of the states is much more complex than in the
vector case. The long-range order in the language of ref. [20]
is described, in part, as a mix of two types: GO, supercon-
ducting in one direction while magnetic in the other and GU ,
magnetic in both directions. In the finite-size system we find
numerically (see SM fig. 7) that the following correlator is
non-vanishing for all non-trivial scars |s〉: GO(a1,2, b1,2) =
〈s|c†a1b1c
†
a1b2
ca2b2ca2b1 |s〉, and is so even at large separa-
tions in the a direction, corresponding to the superconduct-
ing phase, while in the b direction we would get particle-hole
pairs. Further examples of ODLRO that we find numerically
lack a simple interpretation in terms of GO and GU ; they are
〈s|c†11c†1N2cN1N2cN11|s〉 and 〈s|c
†
11c1N2c
†
N1N2
cN11|s〉.
In contrast to the vector case, the dimension of the scar
subspace grows exponentially with N1N2 (see ref. [26] and
SM D); nevertheless, it spans only an exponentially small
fraction of the Hilbert space. It is conceivable that for large
N1N2 the scar states may form continuous energy bands filled
with the states possessing ODLRO.
III. DISCUSSION
In this paper we have identified the many-body scar states
with a sector of Hilbert space possessing a greater symmetry
than the Hamiltonian. We would like to stress that the pres-
ence of the group invariant states S is a property of a Hilbert
space and not of a particular Hamiltonian. Once the condi-
tions on the Hamiltonian H0 + H1 outlined in this paper are
satisfied, the states in S have the properties of many-body scar
states. This universality explains why the scar states identified
to date in different models with the same Hilbert space can be
identical.
From the quantum information perspective, the many-body
scars made of group-invariant states are appealing because of
their non-locality. Indeed, the group-invariance requirement
is non-local. As a consequence, the degrees of freedom on all
of the sites become entangled which spreads the information
over the whole system. This leads to the relative insensitivity
of group-invariant states to local perturbations and protection
of the quantum information [34]. The invariant scar states
form a closed subspace, where non-commuting transforma-
tions can act. Furthermore, the scar subspace is decoupled
from the rest of the system and does not thermalize. This
6combination of properties could make the group-invariant scar
states an interesting platform for robust quantum information
processing.
The gauge/gravity duality [35–37] is a set of correspon-
dences between conventional gauged models without gravity
and higher-dimensional gravitational systems. More recently,
the gauging of continuous symmetries was advocated in the
context of quantum mechanical models of fermionic tensors
[28, 38]. In these quantum mechanical models, gauge fields
are non-dynamical, so the gauging is equivalent to truncation
of the Hilbert space to a group-invariant sector (the counting
of such states was performed in [26]). As we have seen, the
group invariant states can also play the role of scars. It would
be interesting to further explore possible connections between
the scars and gauge/gravity duality.
IV. ACKNOWLEDGEMENTS
We are grateful to D. Abanin, A. Bernevig, D. Calugaru,
A. Dymarsky, M. Gullans, A. Milekhin, S. Moudgalya, and
G. Tarnopolsky for valuable discussions. We also thank A.
Bernevig and S. Moudgalya for comments on a draft of this
paper. The simulations presented in this work were per-
formed on computational resources managed and supported
by Princeton’s Institute for Computational Science & Engi-
neering and OIT Research Computing. This research was
supported in part by the US NSF under Grants No. PHY-
1620059 and PHY-1914860. K.P. was also supported by the
Swiss National Science Foundation through the Early Post-
doc.Mobility Grant No. P2EZP2 172168 and by DOE grant
No. de-sc0002140.
[1] Sanjay Moudgalya, Nicolas Regnault, and B. Andrei Bernevig,
“Entanglement of exact excited states of affleck-kennedy-lieb-
tasaki models: Exact results, many-body scars, and violation of
the strong eigenstate thermalization hypothesis,” Phys. Rev. B
98, 235156 (2018).
[2] Naoto Shiraishi and Takashi Mori, “Systematic construction of
counterexamples to the eigenstate thermalization hypothesis,”
Phys. Rev. Lett. 119, 030601 (2017).
[3] C. J. Turner, A. A. Michailidis, D. A. Abanin, M. Serbyn, and
Z. Papi, “Weak ergodicity breaking from quantum many-body
scars,” Nature Physics 14, 745749 (2018).
[4] Sanjay Moudgalya, Abhinav Prem, Rahul Nandkishore, Nico-
las Regnault, and B. Andrei Bernevig, “Thermalization and its
absence within krylov subspaces of a constrained hamiltonian,”
(2019), arXiv:1910.14048 [cond-mat.str-el].
[5] Soonwon Choi, Christopher J. Turner, Hannes Pichler, Wen Wei
Ho, Alexios A. Michailidis, Zlatko Papic´, Maksym Serbyn,
Mikhail D. Lukin, and Dmitry A. Abanin, “Emergent SU(2)
Dynamics and Perfect Quantum Many-Body Scars,” Phys. Rev.
Lett. 122, 220603 (2019).
[6] Pablo Sala, Tibor Rakovszky, Ruben Verresen, Michael Knap,
and Frank Pollmann, “Ergodicity breaking arising from hilbert
space fragmentation in dipole-conserving hamiltonians,” Phys-
ical Review X 10 (2020), 10.1103/physrevx.10.011047.
[7] Michael Schecter and Thomas Iadecola, “Weak Ergodic-
ity Breaking and Quantum Many-Body Scars in Spin-1
XY Magnets,” Phys. Rev. Lett. 123 (2019), 10.1103/Phys-
RevLett.123.147201, arXiv:1906.10131 [cond-mat.str-el].
[8] Oskar Vafek, Nicolas Regnault, and B. Andrei Bernevig, “En-
tanglement of Exact Excited Eigenstates of the Hubbard Model
in Arbitrary Dimension,” SciPost Phys. 3, 043 (2017).
[9] Thomas Iadecola and Marko Zˇnidaricˇ, “Exact localized and
ballistic eigenstates in disordered chaotic spin ladders and the
fermi-hubbard model,” Phys. Rev. Lett. 123, 036403 (2019).
[10] A. A. Michailidis, C. J. Turner, Z. Papic´, D. A. Abanin, and
M. Serbyn, “Stabilizing two-dimensional quantum scars by
deformation and synchronization,” (2020), arXiv:2003.02825
[quant-ph].
[11] Daniel K. Mark and Olexei I. Motrunich, “Eta-pairing states
as true scars in an extended Hubbard Model,” arXiv e-prints ,
arXiv:2004.13800 (2020), arXiv:2004.13800 [cond-mat.str-el].
[12] Kieran Bull, Ivar Martin, and Z. Papic´, “Systematic construc-
tion of scarred many-body dynamics in 1d lattice models,”
Phys. Rev. Lett. 123, 030601 (2019).
[13] Vedika Khemani, Chris R. Laumann, and Anushya Chan-
dran, “Signatures of integrability in the dynamics of Rydberg-
blockaded chains,” Phys. Rev. B 99, 161101 (2019).
[14] Kyungmin Lee, Ronald Melendrez, Arijeet Pal, and Hitesh J
Changlani, “Exact three-colored quantum scars from geometric
frustration,” Physical Review B 101, 241111 (2020).
[15] Daniel K Mark, Cheng-Ju Lin, and Olexei I Motrunich, “Uni-
fied structure for exact towers of scar states in the affleck-
kennedy-lieb-tasaki and other models,” Physical Review B 101,
195131 (2020).
[16] Thomas Iadecola and Michael Schecter, “Quantum many-
body scar states with emergent kinetic constraints and finite-
entanglement revivals,” Physical Review B 101, 024306 (2020).
[17] Sanjay Moudgalya, Nicolas Regnault, and B. Andrei
Bernevig, “Eta-pairing in hubbard models: From spectrum
generating algebras to quantum many-body scars,” (2020),
arXiv:2004.13727 [cond-mat.str-el].
[18] Chen Ning Yang, “η pairing and off-diagonal long-range order
in a hubbard model,” Phys. Rev. Lett. 63, 2144–2147 (1989).
[19] Chen Ning Yang and SC Zhang, “So(4) symmetry in a hubbard
model,” Modern Physics Letters B 4, 759–766 (1990).
[20] Shoucheng Zhang, “So(4) symmetry of the hubbard
model and its experimental consequences,” Interna-
tional Journal of Modern Physics B 05, 153–168 (1991),
https://doi.org/10.1142/S0217979291000110.
[21] Hannes Bernien, Sylvain Schwartz, Alexander Keesling, Harry
Levine, Ahmed Omran, Hannes Pichler, Soonwon Choi,
Alexander S. Zibrov, Manuel Endres, Markus Greiner, Vladan
7Vuletic´, and Mikhail D. Lukin, “Probing many-body dynamics
on a 51-atom quantum simulator,” Nature 551, 579 EP– (2017).
[22] Josh M Deutsch, “Quantum statistical mechanics in a closed
system,” Physical Review A 43, 2046 (1991).
[23] Mark Srednicki, “Chaos and quantum thermalization,” Physical
Review E 50, 888 (1994).
[24] Marcos Rigol, Vanja Dunjko, and Maxim Olshanii, “Thermal-
ization and its mechanism for generic isolated quantum sys-
tems,” Nature 452, 854–858 (2008).
[25] This happens, for example, when the energies of all states in S
are integers in some units.
[26] Igor R. Klebanov, Alexey Milekhin, Fedor Popov, and Grigory
Tarnopolsky, Phys. Rev. , 106023 (), arXiv:1802.10263 [hep-
th].
[27] Xiao-Chuan Wu, Chao-Ming Jian, and Cenke Xu, “Lattice
models for non-Fermi liquids with tunable transport scalings,”
Phys. Rev. B 100, 075101 (2019).
[28] Igor R. Klebanov and Grigory Tarnopolsky, Phys. Rev. ,
046004arXiv:1611.08915 [hep-th].
[29] Kiryl Pakrouski, Igor R. Klebanov, Fedor Popov, and Grig-
ory Tarnopolsky, “Spectrum of Majorana Quantum Mechanics
with O(4)3 Symmetry,” Phys. Rev. Lett. 122, 011601 (2019),
arXiv:1808.07455 [hep-th].
[30] Gabriel Gaitan, Igor R. Klebanov, Kiryl Pakrouski, Preethi N.
Pallegar, and Fedor K. Popov, “Hagedorn Temperature in Large
N Majorana Quantum Mechanics,” (2020), arXiv:2002.02066
[hep-th].
[31] The Hamiltonian H = H0 + OT has identical properties with
respect to the presence of the many-body scar states.
[32] Jordan S. Cotler, Guy Gur-Ari, Masanori Hanada, Joseph
Polchinski, Phil Saad, Stephen H. Shenker, Douglas Stan-
ford, Alexandre Streicher, and Masaki Tezuka, JHEP ,
118arXiv:1611.04650 [hep-th].
[33] Chen Ning Yang, “Concept of off-diagonal long-range order
and the quantum phases of liquid he and of superconductors,”
Reviews of Modern Physics 34, 694 (1962).
[34] Alexey Milekhin, “Quantum error correction and large n,” .
[35] Juan Martin Maldacena, Int. J. Theor. Phys. , 1113–1133[Adv.
Theor. Math. Phys.2,231(1998)], arXiv:hep-th/9711200 [hep-
th].
[36] S. S. Gubser, Igor R. Klebanov, and Alexander M. Polyakov,
Phys. Lett. , 105–114arXiv:hep-th/9802109 [hep-th].
[37] Edward Witten, Adv. Theor. Math. Phys. , 253–291arXiv:hep-
th/9802150 [hep-th].
[38] Edward Witten, “An SYK-Like Model Without Disorder,” J.
Phys. A52, 474002 (2019), arXiv:1610.09758 [hep-th].
[39] Igor R. Klebanov, Fedor Popov, and Grigory Tarnopolsky, Pro-
ceedings, Theoretical Advanced Study Institute in Elementary
Particle Physics: Physics at the Fundamental Frontier (TASI
2017): Boulder, CO, USA, June 5-30, 2017, PoS , 004 (),
arXiv:1808.09434 [hep-th].
8Supplementary A: Hopping amplitudes and generators
Let us study the Hermitian bilinear operators which pre-
serve charge Q,
TA =
∑
a,a′,b
Aaa′c
†
abca′b, A
† = A . (A1)
Their commutation relations are
[TA, TB ] = iT[A,B] . (A2)
If we further require A to be traceless, this is isomorphic to
the SU(N) algebra.
Each subalgebra of SU(N) corresponds to a subalgebra of
(A1) and vice versa. For example, we can take an algebra of
antisymmetric matrices O(N) ⊂ SU(N)—they would corre-
spond to the hoppings with purely imaginary amplitudes. It is
generated as a Lie algebra by the nearest-neighbor hoppings
Ta = ic
†
abc(a+1)b + h.c. , (A3)
which form a maximal subalgebra of SU(N).
Another interesting example of subalgebra arises for the
real nearest-neighbor hoppings
T˜a = c
†
abc(a+1)b + h.c. (A4)
Let g ⊂ su(N) be a minimal Lie algebra containing T˜a. One
can see that when N is even we can make a transformation
c2a,b → ic2a,b that would send T˜a to Ta. Hence we get
g ≈ o(N), but it is a different embedding of the original
O(N) mentioned before. In this case the family of the invari-
ant states for this group looks like the usual η-pairing states
[33]
|n′O〉 =
(∑
a
eipiac†a1c
†
a2
)n
2n
√
N !n!
(N−n)!
|0〉 . (A5)
For odd N one can show that T˜a will comprise the full al-
gebra su(N).
One can consider index b as a lattice index. Therefore we
could associate another group Ub(N) with generators
Tb =
∑
a,b,b′
Bb,b′c
†
abcab′ . (A6)
Then combining these two generators we get that theU(N1)×
U(N2) group acts in the Hilbert space, and it could be used as
group G in the general construction studied in the main text.
However, there are only two U(N1)× U(N2) invariant states
[39]. To get richer structure we consider only the hoppings
with purely imaginary amplitudes leading toO(N1)×O(N2).
We can also generalize T to be not only a nearest-neighbor
hopping but to be any hopping in the lattice. It allows us to
deform the vector model to be not only a 1D lattice, but an
arbitrary dimensional lattice. For example, we can consider
|a, 0〉 H P
|a, 1〉 X
|a, 0〉 H Z P
|a, 1〉 X
FIG. 5. Left panel: Circuit diagram of Wa for construction of |S1〉
states (6). H is the Hadamard gate, X is the Pauli-X gate, the line
spanning the two sites represents the CNOT gate from qubit 0 to
target qubit 1, and P is the phase gate. Right panel: Circuit diagram
of W˜a gates needed to construct the singlet state |S2〉.
a 3D Hubbard model. The fermion operators have 4 index:
cxyz,σ where x, y, z = 1, . . . , L are lattice coordinates. We
can rearrange them into a linear index as i = x+(y−1)∗L+
(z − 1) ∗ L2. Then the hoppings from i to i + 1 correspond
to x-directed hoppings, i to i + N is a y-directed hopping,
and from i to i + N2 is a z-directed hopping. Any of these
hoppings are the generators of U(N = L3) and therefore the
reasoning presented above would still work for this case.
We end this subsection with a derivation of the structure of
the term H1 in our Hamiltonian. Let us take a Hilbert space
with the action of some Lie algebra g realized by some her-
mitian operators. Let Ti be a simple basis of the generators
of this algebra g, meaning that whole algebra is spanned by
Ti and all of their possible commutators. Let S be a space
of invariant states gS = 0. Then if K is an annulator of
S, i.e.KS = 0; then K =
∑
j OjTj .
The proof is quite simple we can consider an operator C =∑
T 2i —it is an annulator of S since Cv = 0 ⇔ Tiv = 0 ⇔
v ∈ S. We can define C−1 such that C−1 · C = 1 − PS,
where PS is a projector on S and therefore C−1 · C is also an
annulator of S. Then
K = K(1− PS) =
= K · C−1 · C =
∑
i
(K · C−1 · Ti)Ti =
∑
i
OiTi, (A7)
which was required to prove.
Supplementary B: Construction of group invariant states
As emphasized in the main text, there are 4 states in the vec-
tor model with zero entropy. While the states |0〉 and |1〉 are
the oscillator vacuum and its particle-hole conjugate, the other
two states |S1,2〉 (6) are nontrivial. They may be expressed as
a product state with the use of the gates Wa and W˜a (see fig.
5):
|S1〉 =
N∏
a=1
Wa |0〉 , |S2〉 =
N∏
a=1
W˜a |0〉 (B1)
Let us also present another, rotated basis for the family of
states (7), which are U(N) invariant and transform as spin
N/2 under the rotational SU(2) symmetry:
|n˜U 〉 =
(∑
a
c†a1ca2
)n
2n
√
N !n!
(N−n)!
|S˜2〉 , (B2)
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FIG. 6. Correlator GU = 〈c†11c12c†42c41〉 (see (C3)) evaluated for
every eigenstate of the vector model with N = 8. All 9 = N +
1 states |nU 〉, defined in (7), exhibit the ”magnetic” ODLRO. The
value of GU for this family of scar states is GU = 14 − n(N−n)2N(N−1) .
with n = 0, . . . , N . Here
|S˜1〉 =
N∏
a=1
c†a1 |0〉 , |S˜2〉 =
N∏
a=1
c†a2 |0〉 . (B3)
For the Hamiltonian H0 in (3), the states |n˜U 〉 are not eigen-
states, while the states |nU 〉 given in (7) are. However, for the
Fermi-Hubbard model, which respects the SU(2) rotational
symmetry, both |n˜U 〉 and |nU 〉 are eigenstates.
As shown in the main text, some singlet states in the vector
model are related to the η-pairing states discovered by Yang
[18]. We can extend this construction to the matrix model that
was discussed in [26]. We start with the vacuum state |0〉 that
is naturally a singlet state, because it is annihilated by any
hopping. Then in order to build any other singlet state we can
act with the creation operator and pair the index with the use
of the δ - pairing or  - pairing. Namely, we introduce
(J+)aa′ = c
†
abc
†
a′b, (K+)a1...aN1
= b1...bN2
N1/2∏
i=1
c†aibi .
These operators automatically are singlets under the action of
SOb(N). Then the singlet states could be constructed out of
the products and sums of the operators J+,K+ by contracting
indices with the use of δaa′ or a1...aN .
The states with a small number of fermions could be built
with the use of only the operator matrix J+. We introduce
Mn =
∑
a
(
Jn+
)
aa
, which is a singlet under the action of
SOa(N)× SOb(N). For example, acting withMn and their
products we can build singlet states as
|s1〉 =M2 |0〉 , |s2〉 =M3 |0〉 , |s3〉 =M3M4M22 |0〉 , . . .
When the number of fermions is larger than N , we can use
K+ to build singlet states. For example, when N is even we
can have
|s〉 = (K+)a1a1...aN/2aN/2 |0〉 .
For N = 2 the operator (K+)aa is the η-operator from [18].
In general we are able to express the dimension of the sin-
glet subspace as an integral [26]
dimSO =
=
4N1N2
VN1VN2
pi∫
−pi
N1,N2∏
i,j=1
dxidyj (cosxi + cos yj)
2×
×
N1∏
i 6=i′
(cosxi − cosxi′)2
N2∏
i 6=i′
(cos yi − cos yi′)2 , (B4)
where VN1,N2 are the dimensions of the SO(N) groups,
which are equal to
VN1 =
pi∫
−pi
N1∏
i
dxi ×
N1∏
i 6=i′
(cosxi − cosxi′)2 . (B5)
Supplementary C: Off-Diagonal Long Range Order (ODLRO)
Let us show that the singlet states |s〉 ∈ S exhibit the Off-
Diagonal Long Range Order (ODLRO) [33]. This means that
the correlator
GO = 〈s|c†i1c†i2cj2cj1|s〉 , (C1)
does not depend on i and j when they take different values.
Indeed, there is an operator Oik ∈ O(N) which swaps the
fermions with indices i and k leaving the others unchanged.
For example,
Oikci1O
−1
ik = ck1, Oikck1O
−1
ik = ci1, Oikcj1O
−1
ik = cj1 .
Since |s〉 is an O(N) invariant state, we have Oik |s〉 = |s〉.
Using these relations, we see that the correlator GO does not
depend on the positions of i 6= j. Indeed,
GO = 〈s|c†i1c†i2cj2cj1|s〉 = 〈s|O−1ik c†i1c†i2cj2cj1Oik|s〉 =
= 〈s|c†k1c†k2cj2cj1|s〉 . (C2)
Hence, it is non-vanishing even when the difference between
i and j is large. An analogous argument can be applied to the
correlator
GU = 〈s|c†i1ci2c†j2cj1|s〉 , (C3)
when |s〉 is a U(N) invariant state, demonstrating ODLRO.
We note thatGO is the correlator originally used by Yang [18].
It is related to superconductivity, while GU is related to the
magnetic properties of the system.
For matrix models we also have correlators GO,U , where
we extend the second index to label spatial coordinates along
the other direction. One can notice that GO now plays a
double-role: in one direction it is related to the superconduct-
ing properties (since if we separate GO along the direction a,
it splits into a product of local cooper pair creation operators)
and in the other direction it is related to the magnetic prop-
erties(since in the direction b the GO splits in the product of
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FIG. 7. Left panel: Correlator GO = 〈c†11c†12c42c41〉 evaluated
for every eigenstate of the matrix model with N = 4; 7 out of 12
scars have non-vanishing ”superconducting” ODLRO. Right panel:
Correlator GU = 〈c†11c12c†42c41〉 evaluated for every eigenstate of
the matrix model; 8 out of 12 scars have non-vanishing ”magnetic”
ODLRO. One can show thatGO andGU are rational numbers which
depend linearly on the SU(N) Casimirs of the scar states.
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FIG. 8. Matrix model (II B) with N1 = N2 = 4. Top left panel:
Entanglement entropy; Top right panel: ETH plot for the diagonal
hopping M = (c†11c22− c†22c11)2; Bottom: Nearest neighbor eigen-
value spacings (inset) and the spectral form factor for the 442 model
particle-hole creation operators). The correlator GU is related
to the magnetic properties of the states, because in each of the
directions it splits into the product of creation and annihila-
tion operators. And again, using the properties of the singlet
states, we can interchange indices while the singlet states are
left unchanged and we get that the singlet states must have the
ODLRO (see fig.7).
Supplementary D: Details of the numerical calculations
1. Time evolution, vector model
Fig. 9 details the composition of the initial state for time
evolution calculation for the vector model. Exact revivals to
fmax(τ) = 1 would occur for an initial state comprised solely
of scars. Instead, we admix 5 percent of generic states to an-
alyze the stability of the effect in an (experimental) scenario
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FIG. 9. Initial state composition for the time evolution of the vector
model. For every state included into the initial state we plot its ID (x
axis), energy and weight in the initial wavefunction (y axes). In both
cases the initial state is a mix of 50 eigenstates of H with 11 domi-
nant states contributing 0.95 of the wavefunction norm. Remaining
39 states are generic states from the middle of the spectrum. The two
scenarios we are considering are when the dominant states are scar
states (top panel) or generic states near E = 0 (bottom panel).
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FIG. 10. Time evolution for the vector model at late times. The
amplitudes of revivals stabilize at the expected value ≈ 0.952 with
scars present (left panel). No revivals occurs when the initial state
did not include scars (right panel)
when the desired initial state can only be created with a finite
precision.
Fig. 10 shows the time evolution at late times where in pres-
ence of scars, the revivals continue with stabilized amplitude
and all information is lost without scars.
2. Matrix model
For matrix models, we can make analogous calculations
to the vector model. For example, one can check that the
singlet states have a low entanglement entropy in compari-
son to the other states (see top of fig.8). Also we checked
that ETH is violated, for example, the plot of the operator
M =
(
c†11c22 − c†22c11
)2
as a function of energy M(E) is
not smooth for the singlet states. Also we can check that the
spacings between the states satisfy the GUE distribution (see
bottom of fig. 8).
And again the time evolution of the state consisting mostly
of the singlet states would exhibit the revivals.
